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1 Measure Theory Part I

We shall introduce a probability space (€2, F, P). Let Q # @, called the
sample space or possible outcomes of an experiment. E.g. 2 coins tosses

Q= {Ov 1}2 = {(070)7 (07 1)7 (1a0)7 (17 1)}

This is a finite set. For €2 infinite, it was not so clear how to make sense
of it, in particular it got to be additive and normalizable. This was
the struggle for the early development of the probability theory. It was
Kolmogorov who formally used the measure theory to make the subject
rigorous.

1.1 ¢ Field and Measure

Definition 1. A collection F of subsets and € is a o field (or o algebra)
if

1)zeF

2) Ae F = A°e F

3) Al,AQ... eF — UnZl A, eF

(Q, F) is called a measurable space. An A € F is called an event. For
now assume F is all subsets of {2, but soon we need to restrict it to make
it measurable.

Definition 2. A function P : F — [0, 1] is a probability measure if

1) P(@)=0

2) P(Q) =1

3) A1, As... pairwise disjoint P(Up>145) = 3,51 P(4,)

Since typically P(a point) = 0, P of countable union of points is 0.

If we had make definition 1 3) to include uncountable union like for a
topology, then we would have

P(everything) = 0

for everything is made of points. Bad



Remark 3. Let A,B € F

1) P(A°)=1—- P(A)

2) PLAUB) = P(A)+ P(B) — P(ANB)

3) Ac B = P(A) < P(B)

4) A1, Az, ... € F = P(Up>145) < 3,51 P(Ay) (0—subadditivity)
Example 4. 1) F = {&,Q} is a o field, “the trivial o field”

2) F = P(Q2) power set. If €2 is discrete. F is o. If Q is not discrete, bad
thing can happen.

1.2 Borel Sets, Measurable functions

This is recurring scheme. In topology, one studies open sets, (but no
compliment for compliment of open is not usually open.) And one stud-
ies the continuous function, because contentious functions are compati-
ble with the structure, i.e. per-image of continuous function of open set
is open. Here the compatible function is measurable function, because
we will show the per-image of event of measurable function is an event.

Exercise 5. Let C € P(f2) be any collection of subset of 2, then there
exists a minimal o field containing C, denote ¢(C) and called the o field
generated by C.

Definition 6. Let (S, d) be a metric space and let O = {all open sets in S}
then B(S) := 0(O) is called the Borel o field of (S,d). The element of
B(S) are called Borel set or Borel measurable set.

One can show the number of Borel set of the real is equal the cardinality
of real, so they are continuous.

Example 7. For S = R interval
(a,b) [a,b) (a,b] [a,b]
are Borel. Any of these types generates B(R).

Definition 8. Let (Q,F) and (E,&) be measurable space, a function
X : Q — E is called F/€ measurable or just measurable (mbl) if

X YB)e Fforall Be €&



or short hand
xXYeycr

In the definition X ~(B) means {w € Q : X(w) € B} or short hand
{X € B}.

If E is metric, we take &€ = B(E) by default. ie. X : 2 — R is mbl,
then it’s F/B(R) mbl.

How to check a function is mbl?

Theorem 9. (Measurability Lemma) Let X : (2, F) — (E,E) be a
function. Assume € = o(C) for some C € P(E). If

Xlo)cF = XY cF
i.e. X is mbl.
Proof. Consider D = {A C E: X~'(A) € F}isao field. By assumption
C C D then by minimality £ C D, so X~ 1(£) C F. O

Example 10. 1) Let X : Q@ — R. C = {(—o00,a] : a € R} generates
B(R), it suffices to check that X ~!((—oc,a]) € F Ya € R.

2) Let 2 be metric space €2 = B(S) any continuous function, then X :
2 — R is measurable.

Examples of Probability

1) n coin tosses
Q={1,0}"

w € Q is of the form w = {wy,...,w,}, each wy is the outcome of one
coin toss. F = P(Q). Fair coin

A —-n
P(A) = :QI =274

2) general discrete case

() finite or countably infinite set, F = P (). Let
(Pw)wEQ - [07 1]

satisfies ) | o Py = land put P(A) = > . 4 Py. This defines a general
form of a probability on €.



3) Q # & any set. F =P(R), P =0, Dirac measure of x € ()

5 — 1 z€A
o z¢A

4) Lebesgue measure

By the following theorem which we will prove later.
Theorem 11. There exists a unique measure A on (R, B(R)) such that
A(a,b) =b—a

for all a < b.

Welet Q = [0,1], F = B([0,1]), P = A\ = (9, F, P) is a probability
space, P is called uniform distribution.

5) Distribution function

Definition 12. A cumulative probability distribution function is a non
decreasing right continuous function

F:RU{£oo} = RU {0}
such that F(—oc0) =0, F(c0) = 1.

Likewise define Lebesgue-Stielties measure

Definition 13. Given such F' there exists a unique (we will prove
uniqueness later) probability measure ug on (R, B(R)) such that up((a,b]) =
F(b) — F(a) for a <b.

1.3 Random Variables

Definition 14. A random variable (rv) is a mbl function

X:O—=R

Think of an RV as a function depending on the outcome of an experi-
ment.



Definition 15. 1) Let X : @ — R be a RV then
up(B) = P(X € B)

[Recall {X € B} is short hand for X 1{B} = {w € Q, X (w) € B}.] de-
fines a probability measure on (R, B(R)), the distribution of X. Denote

pp=PoX !

2) The function F, : R — [0, 1]
Fu(y) = P(y < @) = pa((—00,2]) € R
is the cumulative distribution function (cdf) of x.
Definition 16. Let X : (Q,F,P) = Rand YV : (0, F, P) — R be rv’s.
We say that they are identical distributed if
ux = py

Remark 17. If X : Q — (R% B(R%)) d > 1 is mbl. X is called random
vector and the cdf is a function

Fx:R‘—R
FI(X17X27 "'7Xd) = P(Xl <x1,...,Xg < l’d) = P(mgzl{Xl < 'rl})
Definition 18. Discrete distribution, u, is discrete if it is of the form
Mz = anéa:n Pn € [0, 1]
z>1

Definition 19. The distribution is absolutely continuous if the cdf F)
is of the form

Fu(X) = /_ " )y

for some Borel mbl function fx called the probability density function
(pdf) of X.

Many famous distributions belong to either one of above

Example 20. of absolutely continuous distribution. Gaussian (or nor-
mal) distribution with parameter (i, o) € R x R has density

1 _(z—=g)?
(&4 202

fz) =

2o

Later we’ll do central limit theorem, showing this is the limit of inde-
pendent experiments.



Example 21. of discrete distribution: Poisson with parameter A > 0

)\TL
F(x) = E e_’\m
0<n<zx .

n €N

1.4 Independence

Definition 22. Let A,B € F are independent (denotes A L B) if
P(ANB) = P(A)P(B).

Suppose P(A) > 0,
P(ANB)
P(A)
then A L B <= P(B|A) = P(A). Also note that A is independent of
itself iff

P(B|A) =

P(A) = P(A)? < P(A)=0or P(A) =1
Definition 23. RV X,Y are independent if
X71(A), Y7!(B) are independent, VA, B € B(R)

Definition 24. Let [ be any index set,
1) for each a € I, let A, € F be an event, then (Ay)qcs is independent
if

n
P(Aa, N Ao, NN Ag,) = [[ P(Aa)
i=1
for any finite family aq, ..., a, € I of distinct indices.

2) for each a € I, let C,, C F be a collection of events, then

(Ca)aer is independent if
Aay € Cayy oy Aay, € Cayy = P(Ag, N..NAq,) =[] P(Aa,)
for any finite family oy, ..., oy, € I of distinct indices.
3) for each a € I, let X, be a RV, then

(Xa)aer is independent if

(0(Xa))acer is independent in the sense of 2)

Hence o(X) := X 1(B(R)) = {XY(B) : B € B}.



Exercise 25. Show a collection and pairwise independent event is not
independent in general.

Exercise 26. If (A, )qer is a family of independent events and B, €
{Aq, AL}, then (Bg)aer is independent. So we can forget about defini-
tion 23.

Corollary 27. A family (As)acr of event is independent iff (6(Aq))acr
s independent.

Note 28. 0(A) = {o, Q, A, A°}.

Exercise 29. If (Cy)qer are independent collection of events, and D, C
Ca, then (D, )qer are independent.

Exercise 30. If (X,)qer are independent RV and f, : R — R are mbl
functions then
(fa(Xa)aer are independent

Hint: because o(fo(Xa)) C 0(Xa)-

2 Integration

We all know that Riemann integral is not suitable for advanced analysis,
because limit of Riemann integral functions are not always Riemann
integral. So we use Lebesgue.

Consider functions X : Q@ — R = [~00,00] on R, we use the o field

{B(R), {—00}, {+0o0}}, hence
X : Q — Ris mbl iff
XY (B(R)) C F and X !(+o0) € F iff
{X<a}CFVaeR
recall {X = —o0} = Ny>1{X < —n}.
Lemma 31. If X,Y : Q — R are mbl, then {X >Y} € F.

Proof. {X > Y} = U,cg{X > r} N {r > y}, hence countable union of
measurable set is measurable. O

Proposition 32. Let X,, : Q@ — R, n > 1 be mbl then

sup, Xn, inf,Xp, limsup,X,, liminf, X are mbl.

Proof. {sup, X, < a} = Np{X, < a}, limsup X,, = infy,>1 sup,,,>, Xm.
The same way to prove inf. O



2.1 Simple Functions and Approximation

Definition 33. The indicator function of A C Q is

weA
1A(w):{(l) wZA

Since {14 > a} € {@,Q, A}, A mbl <= 14 is mbl.
Definition 34. X : 2 — R is simple if it has finitely many values i.e.
{X(w) :w e Q}

is a finite set.

If X is simple and aq, ..., an are the distinct values of X, then
N
X = Zail{X=&i}
i=1
moreover X is amble off
{X=w}eFfori=1,...N

Theorem 35. (Approzimation theorem) Let X : Q — R be any function.
There exists simple functions X, : Q@ — R such that

lim X, (w) = X(w) Vw €

and 1) if X >0, then (X,)n>1 95 monotone increasing;
2) if X is ml, then X,, are mbl;
3) if X is bounded, i.e. sup, | X (w)| < oo, then X, — X uniformly, i.e.

Sup [ Xn(w) = X(w)[ =0

Proof. Assume X > 0, define

TLQTL
Xp = (7= 127" 12 nex<jony +nlixzn
j=1

10



then on {X = +oo}, X;, =n 1 X = o00; on {X < oo}, 0 < X(w) —
Xn(w) <27"Vn > X(w). So X, is monotone. If X is bounded, then

sup | X (w) — Xp(w)| <277
weN

for n large enough, so X,, — X uniformly. For general X, we have
X=X"T-X"

where X = max{0, X}, X~ = (=X)*. Applying previous observation
to X* , we have
Y, - X" and 72" — X~

with X, =Y, — Z", |X| = X+ + X~ O

2.2 Integration and Non-negative Functions

Fix (Q,F,P), the idea is the following:
1)
/lAdp = P(A)

2) By linearity
/(Z anla,)dp = anP(A)

3) For X >0 let X,, as in the approximation therm and

/Xdp = lim/Xndp

Note in probability, we write E[X] for [ Xdp. And we want all results
in this section apply to general measures.

Notation 36.
M=M®,F)={X:Q— R mbl}

M, ={X €M, X >0}
S={X € M| X simple}
Si={XeS| X >0}

11



Definition 37. Let X € 5, i.e.

n
X = Zakuk with Ay, = {X = ay}
k=1

E[X] := /QXdp = ZakP(Ak)
k=1

called weighted average.

Lemma 38. Let X, Y € S, Ae F,a>0
1) E[14) = P(4)

2) E[aX] = aE[X]

3) E[X+Y]=E[X]+ E[Y]

/) X <Y = E[X] < E[Y]

Proof. As exercise. O

Remark 39. The integral is taken over the whole space €2

/AXdp 1= /(XlA)dp

Exercise 40. Let Z € S, then u(A) := E[la, Z] defines a measure p.
Note u(Q2) = E[Z] and Z is the density of u wrt P.

Definition 41. Let X € M, then
EX]|=sup{E[Z] : Z€S5:,Z€ X}

Proposition 42. Let X <Y € M, then E[X]| < E[Y].

Proof. The sup in the definition of E[Y] is taken over a larger set. [
Proposition 43. (Chebyshev’s inequality) Let X € My and a > 0, then

E[X]

P(X >a) <
a

Proof. Note that al{x>q < Xlix>, < X, then take F, then use
monotonicity, we get
aP(X > a) < E[X]

12



Corollary 44. Let X € M., then E[X]| < 0o = P(X =00) =0.

Proof. Vn € N,

cheb. E[X]
< —

n

P(X =o0) < P(X >0)

O]

Next we want to examine X,, — X in some sense — E[X,,| — E[X]
in some corresponding sense.

Theorem 45. (Monotone Convergence Theorem or called Beppo Levi’s
Theorem) Let X,, € My, n > 1 be a monotone increasing sequence and

X :=limX, =sup X,
n n

then X € My and

E[X] = 117?1 E[X,] = sup E[X,]

Proof. Recall that X is mbl as a limit of mbl functions. By monotonicity
E[X,]| < EX,41] <..<E[X]Vn

hence lim F[X,] < F[X]. It remains to show lim E[X,] > E[X]

Next by definition of E[X], we need to show lim E[X,| > E[Z]VZ € S
with Z < X so let Z € S; and let a € (0,1), define

A, ={X, >aZ}
then A, T €, moreover by monotonicity
aFE[Z14,] < E[X,14,] < E[X] (2.1)
———
#(An)
Consider the finite measure u(A) := E[Z14]. By continuity of measure
lim p(An) < p(€2) = E[Z]

With (2.1), we get
aF[Z] <lim E[X,,]

a € (0,1) was arbitrary = FE[Z] < lim E[X,,]. O

13



Note that in the proof we used continuity of measure
Ayt oor LA = p(Ay) T or | p(A)
it only holds for u(A) < oo, because its proof involves complement.
Proposition 46. Let X, Y € My« >0 then 1)
ElaX] = aE[X]

2)
E[X +Y] = E[X] + E[Y]

Proof. 1) Let Z,, € S; with Z, 1 X by approximation theorem

l MCT linearity ] MCT

limFlaZ,] = " alimFE[Z

S+

ElaX] = EllimaZ, aFlal.

2) take also Z, 1Y, Z, € Sy

EIX+Y] =  EQim(Z, + Z,)) MCET

linearity

lim E(Z, + Zy,)
im(E(Zy) + E(Z,)) = lim E[Z,)] + lim E[Z,,]
MET  pix) + ElY)

Theorem 47. (Faton’s lemma) Let X, € My, n > 1 then

Eliminf X,,| < liminf B[X,]

n—oo n—o0
Proof. Let Y, = infj>,, X}, then

Y, T liminf X,, and Y,, < X,, for k> n
n—oo
By monotonicity E[Y,] < infi>, X, — liminf;_, E[X}] as n — oo.
Hence

Elliminf X,,] = Eflim Y,] MET 1im E[Y;,] < lim inf E[X,]

n—o0

14



Proposition 48. Let X € M and define
u(A) = B[X1,
then 1 is a measure.
Definition 49. A C Qisanull set if AC Be€ F and P(B) =0

Definition 50. A property is said to hold almost surely (a.s) or almost
everywhere (a.e) if it holds outside a null set. E.g.

X =0 a.s means that {X # 0} is a null set.
Null set is not a big deal, since we can always redefine measure, i.e.
completion.

Lemma 51. Let X € M, then E[X]|=0 <= X =0 a.s

Proof. —

1 cheb
Px > 0) MET 1y p(x > 2) <7 limnE[X] =0
n

n—oo n

<= Let X, =nl{x>q) then

E[X,] =nP(X >0)=0

Note
X < ool (xsq) = lim X, ME BIX] < Bllim X,,] = lim B[X,] = 0

O

A more general result

Proposition 52. Let X,Y € My then

X =Y as = E[X]=E[]
Proof. Let A={X =Y}, B={X #Y}. By previous lemma
B[, X1p] = E[Y15] =0
By definition of A, E[X14] = E[Y14] , hence
E[X] = E[X[1a+1p]] = E[X14] + E[X 1]
= E[Y14]+ E[Y1p] = E[Y([la + 15]] = E[Y]

O

15



2.3 Integrable Functions

Definition 53. £° = {X : Q — R, mbl}

Definition 54. X : Q — R is integrable if it’s measurable and E[X 1] <
oo and E[X 7] < o0

Definition 55. £! = {X € £°: X integrable}.

Lemma 56. Let X : Q2 — R be mbl
1) X e ! <= PE[X]] <0
2) |[E[X]| < E[|X]] for X € L}

The reason to restrict X real-valued function is to use subtraction with-
out worrying co — oo.

Proof. 1) E[|X|] = E[XT 4+ X~ ] = E[XT] + E[X ]

2)
|E[X]| = |B[X" - X7]| < B[X"] + E[X"] = E[|X]]
O
Lemma 57. Let X € £L°, Y € £ and |X| < |Y]| then X € LY.
Proof. By previous lemma,
Yerl! = E[Y|]<o = EX]<oo = Xef!
O
Theorem 58. L' is a vector space and E : L' — R is linear.
Proof. As an exercise. O

Theorem 59. (Dominated Convergence theorem or called Lebesgue
Theorem) Let X,,, X € LY and

1) Xp— X a.s. 2)3Y € LY st | Xy| <Y a.s. for all n.
then X,, X € L' and

16



Proof. Since |E[X,] — E[X] < E[|X,, — X|]|, it suffices to check ii) first.
We may assume 1), 2) hold everywhere by setting X,,, X to 0 on the
null set and Y > 0, so by Faton,

E[|X]] = E[‘limiann

] < liminf E[|X,[] < E[]Y[] < o

Next let Y;, = | X|+Y —|X,, — X|, then Y;, > 0, Y,, € L', by Faton
E[|X|+Y] = E[limY,] < liminf E[Y,]
n—oo
= liminf F[|X|+Y — |X,, — X|]
n—oo
E[|X|+ Y] —limsup E[|X,, — X]|]
———

n—oo

<oo—0

SO
lim E[| X, — X[] =0

3 Convergence

3.1 LP Spaces

For this discussion, unless mentioned, everything should work for general
measure.

Definition 60. Let V be a vector space (over R) Let ||| : V' — R be
used that

D |v|>0VveV

2) [lav]| = |a| [Jv|| Va e Rv eV

3) |lv+w| < vl + [Jw] Yv,w € V then [-|| is called a semi-norm
if also

4) |lv| =0 <= v =0, then [-|| is a norm.

Proposition 61. |||, : £! = R, || X||, = E[X] is a semi-norm.
Proof. 1t follows directly from monotonicity and linearity of E. O

We have to get rid of null sets to get a proper norm.

17



Definition 62. L? = £'(Q,R,P) is defined as the set of equivalence
class
L'=r'~

where X ~Y <= X =Y as. We could denote [X] the equivalence
class of X, but it is standard to identity X as [X].

Theorem 63. (L', ||-||,) is a normed vector space.

Proof. | X —Y||=0 <= | X -Y|=0as. < [X]=][Y] O
Definition 64. Let 1 < p < oo then

£l = {X:R—Rmbl E[|X|’] < oo}
P = [P~
X1, = (Bl

Theorem 65. (Holder inequality) Let 1 < q,p < oo be s.t.

4+ Z=1
p g

(p,q) are called conjugate. Let X € LP, Y € L4 then

XY < 1XT0, 1Yl

Proof. WOLG assume || X[|,, Y|, # 0, applying Young’s inequality
with o = | X[/ || X]|,,, B=[Y]/[Y]l,, then

XY IXpP |y
X[, 1T, = pIXEa YT

taking E[], we get

Xy, X I 1 1
X0, 1Y 0, — p XYl » g

Corollary 66. (Cauchy-Schwartz) For X,Y € L?
XYl < 1X 2 Y1l

i.e.

B[ XY]] < VE[X?]E[Y?]

18



Theorem 67. (Generalized Triangle Inequality or Minkowski Inequal-
ity) X, Y € LP , p>1 then

X+Yel?

and
X+ Y, <X, + Y],

Proof. We are done with p = 1. Let p > 1 and put ¢ such that %—k% =1,
we have

[ X + Y7 < 2P(max{| X[, [Y[})" < 2°(|X[" + [Y]")

that is
E[IX +Y"] < 2°(B[X["] + E[|Y]"])

moreover

X +YP=[X+Y|[X+YP ' <X X -V + Y[ |X +Y P
(3.1)
Since |X + Y|P € L' and (p — 1)qg = p, we have | X + Y[P~! € L% Then
apply Holder

_ —1
EIXIIX + Y P < X, [|1X + P~ = 1x1, 1% + v

= |
q
Then by (3.1)

X+ YL < (X1, + 1Y],) 1% + Y[

Corollary 68. (L?,|-[|,) is a normed vector space.

Definition 69. Let X,,, X € LP we say that X,, — X in L? if
| X, — X|| =0
ie. E[|X, - X|"] = 0.

Definition 70. A normed vector space is a Banach space, if it is com-
plete, i.e. all Cauchy sequence converge.

19



Theorem 71. (Riesz Fischer) Let 1 < p < oo and let (X,,)n>1 € L™ be
Cauchy, then

1) 3X € LP s.t.
Xp, — X in LP

2) 3 a sub sequence (Xp, )k>1 such that X, (w) — X(w) for almost
every w.

Proof. Since (X,,) is Cauchy, we can take a “fast” sub sequence Y = X,
st.t.
—k
[Yier — Yill, <277 k>1

Let Hy, = p_; |Yi41 — Yi| by Minkowski

n
[H || <> 1 Yir — Vil <1
k=1

Let H = lim, H, = 2%, [Yi1 — Yi|

E[H?| = E[lim Hf] MOT lim E[H?] <1 = N = {H = oo} is a nullset.
For w € Q/ ~ Hyp(w) T H(w) < oo and (Y}, (w))n>1 is Cauchy in R. For
n>m>1

Y (W) = Yo(w)| < V(W) = Vi1 (W) 4 o [Yn(w) = Yoa (W)

-Y,
— H,(w) is Cauchy

I
T
3
£

R is complete = (Y, (w))n has a limit, call it Y (w). For w € N, set
Y (w) = 0.

TO see that Y, - Y in LP

lim |[Y — Y, |2 = lim E[|Y — Y,,["] = Eflim[Y — Y, || =0

The second equality above is given by DCT with |Y — Y, |’ < HP € L.

We have proved any sub sequence of (X,,) has a sub sequence which
converges in LP and the limit is always Y.

This implies that (X,,) itself converges to Y. O

Remark 72. We have proved something more. X,, Cauchy ) || X, — Xpn—1 ||p <
oo = X, converges a.s.
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3.2 L Space

Definition 73. £ is the space of mbl function that are bounded
L ={X:Q—RmblIceRst |[X|<cas.}
| X ={ceR:|X|<cas.}
Definition 74. L>* = L>*/ ~
Theorem 75. (L*,||||,,) s Banach.

Remark 76. Work only for finite measure
1) If X € £2°, then X € LP V1 < p < oo and || X||, = lime [ X,

2) Conversely if sup,,_, || X||, < oo, then X € L.

Proof. As exercise O

Theorem 77. (Jensen)Let X € L' and let ¢ : R — R U {oc} be a
convex function, then

E[p(X)] > ¢(E[X])
Proof. Let Xy € ¥(X), Since 1 is convex, Ja,b € R s.t.
aX +b<yY(X)vVX eR

and
aXo+b= 1/J(X[))

E[p(X)] = ElaX +b] = (X) + b = aXo + b = ¢(E[X])

O
Corollary 78. V1 < p < ¢ < o0,
L' 2P 2 L2 L% and |||, < |,
Proof. Let p < g < oo then X — XP/9 is convex. For X € LP
E(|IX["] = E[|X")/? > E[|X|]"/"
O
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Definition 79. (Convergence in measure/probability) Let X,,, X be RV
on (92, F,P), we say that X;,, — X in measure (or X, £ X) if

P(|X,, — Xon| > a) = 0 as m,n — o0
Theorem 80. Let (X,,) be Cauchy in measure P

)3 aRVX st. X, 5 X

2) 3 a sub sequence X,, — X a.s.

Proof. Use the fast sub sequence (Y}) as before, then

A ={w  [Vip1 (w) — Yi(w)| > 277}

we have
P(Ay) <27F
By, = UAj,B: ﬂBk
>k keN
then

P(By) <Y PA) <y 27F <2 Dvr>1
i<k Jj>k

Hence P(B) =0. Let w ¢ Bkc0 for some ko € N

BE = () A9 = () (Wi - Vil < 27}
Jj=ko Jj=ko

For i > j > ko

Yi(w) = Yj(w)| < Yi(w) = Yia (@) + . + [V (@) = Yi(w)]

1 1 1
ST Tt g < (3.2)

= 25 — 25-1

then (Yj(w))i>1 is Cauchy in R, let

X(w) = {limY}(w) w¢B

0 weB

Since w ¢ B = by (3.2),

Vi) ~ X@)| € (33)
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for 5 > k. We have Y3 — X uniformly on Bg, in particularly Yy — X
a.s.

We have V; X, and by (3.3)
P(|Xa — X| > a) < P(|Xn — X3| > %)+P(\Yk ~X|> %) S 04+0=0

for n, k — 0o, because they are Cauchy. O
Definition 81. L0 = £/ ~
Notation 82. x Ay = min{z,y}

Theorem 83. (this only works for finite measure) Let
dX,Y)=E[|X -Y|A1]

X,Y € L°, then (L°,d) is a complete metric space. Moreover d— convergence
s equivalent to convergence in measure and d— Cauchy is equivalent to
Cauchy in measure.

Corollary 84. (true for general measure) A sequence can have at most
one limit in measure and any Cauchy sequence in measure converges in
measure.

Corollary 85. (for probability measure) Let X, X € L° then X,, — X
a.s. implies
X, =X

Proof. Use DCT. 0
Theorem 86. 1 < p < oo
X, Lx = x, 5 x
or called L° convergence.
Proof. (first proof, using probability measure)
X, = Xinl? = X,— XinL

SO
| X, — X|A1—=0in L!

ie. d(Xn,X)— 0.
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(second proof, general measure)

a) p < oo, let
Ap(a) ={|X; — X[ > a},

then
Bl X = Xu['] > Ella, |X = X,["] > E[a14,] = o P(A,)

Hence P(A,) - 0Va > 0.
b) p=o00,Va>03IN € Ns.t. | X, - X[, <ooVn>N hence

Vn>N, P(| X, — X|>a)=0Vn>N

Convergence Summary for probability measure:

strong L*>
/l\
/l\
Lt subseq
N\
\ N\
DCT
1 : "a.s. convergence”
subseq
/!

e
weak L0 directly imply
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3.3 Uniform Integrability

In this section, P has to be finite measure.
Definition 87. A family (X)rer of RV is uniformly integrable (UI) if

Jim. i‘éi’E“Xﬂ Lixy>c] =0

Remark 88. If (X))xer is UI then (X)) is bounded in L' i.e.

sup [[Xa [ < oo
AEA

Proof.

[Xall; = E[|XAl] = ElI XA 1x,)<c] + B[ XAl 11x, ]

-/

<c —0 uniform in A

hence it’s bounded. O

Theorem 89. (e — ¢ Criterion) Let (X))xer be rv’s. The following are
equivalent

1) (Xy) is UI
2) a) (X)) is bounded in L' b) Ve >0 35 >0 s.t.

Ae F,P(A) <§ = supE[|X,|14] <€
A

Proof. Assume 1) with remark 88 = 2)a). To see b) Let ¢ > 0, V¢

E[|XA[14] < cP(A) + E[| XA 11x, 5]

cP(A) < § for 6 = o, and E[|X)|1x, 5] < § for large ¢, so
E[|X)\|14] <€
Now assume 2) let
a= sngHX)\H
By Chebyshev
ElX
P(IX)] > o) < 2 @
c c
By assumption,
EHX/\| 1‘X/\|>C] Se
for ¢ large. O
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Example 90. 1) finite subset
{X1,..., XN} C L?
are Ul
2) Y € LY |X,| <Y = (Xp)n>1 is Ul
3) (X)) ULY € £! = Y + X, is UL
Theorem 91. Let X,,X be rv’s s.t.
X, £ x

then )
X, 55 X = (X,) is Ul

Most of time people use <= part of the theorem.
Proof. WOLG X =0
(«<=) Let (X,,) be UI we have
B[] € e+ B[Xul 1, 5 Ve > 0
As X, — 0, given § > 0, € > 0 F kg s.t.
P X > ¢) <8 Vk > ko
using the § — e criterion with A = {|X,,| > €} we get
Bl Xn|Lix, 5] <€
with (3.4) we have the conclusion.
(=) Let X, 55 X ie.
E[|[Xn]] = 0

Let € > 0,
E[|Xn| 1\Xn\>c} < EHXnH <e€

for n > N(e).

Moreover for ¢ large, E[| X[ 1jx,|>c] < €eforn=1,...,N(e).
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Theorem 92. (delia-wallace-pansino) TFAE
1) (Xy) is Ul
2) 3¢ : Ry — Ry mbl, increasing s.t.

lim ¥(X)

P S

and
81/1\p E[Y(X))] < o0

Proof. We only show 2) = 1) Let a > 0 for C large enough ¢(X) >
aX VX > ¢ Hence
(| Xal) = | Xy

on
Ely(| Xy const
(1] 2 ¢} = BIX |1y < ORI con
O
Corollary 93. If (X)) is bounded in L'*¢ for some € > 0 i.e.
sup B[| X' < o0
A

then (Xy) is UL
Proof. Take ¢(X) = X1F¢, O
Recap what we did

E[X]?

E[14] = P(A)
ED) anla,] = > anP(Ay)

E[X] = sup{E[Z]: Z < X Z simple} with X >0

E[] linear on £*
MCT X,1X, X e = E[X,] —~ E[X]
E[|X, - X|] = 0if X € !
Faton X,>Yst. Y el
E[liminf X,,] < liminf F[X,,]
DTC X, <Y eL!, X, - X as. (orin P) = X, £ X
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4 Simple Random Walks

4.1 Binomial Walk

Definition 94. Let I C R “time”, a stochastic process is a function

S:QxI — R orsomething else
(w,t) = St(w) or S(t,w)

E.g I =[0,00) continuous time process, I = N discrete time.
Two equivalent ways of thinking about it
1) “a family of r.v.” indexed by ¢

2) a family of function ¢ — S;(w) indexed by w, and t — Si(w) is called
sample path.

Definition 95. A random walk on Z (starting at 0) is a process

k
Se=>Y X;, k=0,1,..

J=1

where (X;);>1 are iid with values in Z.
o Sissimplerv. if P(X;=1)=p, P(X1=-1)=1-p=gq
o S is symmetric if p=¢g=1/2

Note existence of a random walk with given distribution of X is true
but not trivial, which we will show later.

A model for simple random walk is N steps: = {w1, ....,wyn} = {1}V
w; € {il}
_ Al

F=P), P(A) = Q

Example 96. Let S be a simple random walk,

k
So=0, Sk =Y _ X;,(X;);>1 iid
j=1
with P(X; =1) =p € [0,1], and P(X; = —1) =1 — p = ¢q. Later we
will show in 1 or 2D, all destinations within the range are reachable, but
in 3D it is not the case.
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Definition 97. A r.v. Z has Binomial (n,p) distribution Z ~ B in
(n, p) if

n

P(Z=k)= < L )pk(l —p)"*Ek=0,..,n

n mn:
where ( 1 ) = 7k!(nlk)!

This is the number of successes out of n independent trials if each success
has probability p.

Proposition 98.

2
else

Proof. Let

B, = #{k<n:X,=-1}
then
SO .

P(S, = k) = P(4, = ;")

O

The following theorem used beyond random walk
Proposition 99. (Reflection Principle) For k> 0, 1> 0

# paths of length n from 0 to k — 1 visiting k at laest one

# paths of length n from 0 to k + 1 visiting k at laest one

n ¢ nthetl
( Lot ) if 5= e {0,1,...,n}
2

0 else
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Proof. By picture. O
Definition 100. The passage of time is defined as for k € Z, let

=min{n :n >0 and S, = k}

) first time walk visiting k£ if k # 0
| first time return to 0 k=0

Corollary 101. (corollary of reflection principle) If p=q =1/2,
P(Th <n.Sp=k—1)=P(S, =k +1)
fork>0,1>0 (similar result for k < 0,1 <0)

Corollary 102. (second corollary of reflection) If p=q=1/2, k #0

P(Ty < n) = 2P(Sp < k) + P(S, = k) = P{S, ¢ [~k k)}

P(Th<n) = Y P(Ix<n, Sp=b)=Y P(Sp=b)+> P(S,=2k—10)
beZ b>k b<k
= P(S,>k)+ P(S, > k)
= P(Sp>k)+ P(S, <k) = P{S, ¢ [k, k)}

Theorem 103. (Passage Time Theorem) If k # 0

|| _ K on

n+k
Pt =) = Bps, i = B (1)t
2

Proof. WLOG k > 0, how many paths with Ty, = n are there?
Claim: it is

# paths of length n — 1 from 0 to (k — 1)

# subsets of paths of those paths visiting k before (n — 1)

n—1 n—1 k n
=\ n-14k=1 ) T\ noi4k41 ) T n | ntk
2 2 2

also each such path has "T"'k up steps and "T_k down steps = each

n+k n—k

such path has weight p 2 ¢ 2 . O
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Theorem 104. (First Return to 0) For ¢ =p=1/2

1)
. o . . - 1 2n —1 7(27171)
P(Ty=2n) = P(Ty =20 — 1) = -— < . )2
2)
P(Ty > 2n) = P(San = 0) = < 2: ) 9~2n
Proof. 1)

P(TO == 2n) == P(Sl 75 0, ...,Sznfl ?é O, Sgn = 0)
= 2P(S1=-1,8—-51<0,...,8;,-1—51<0,5, -5 =1)
— 2P(S) = —~1)P(Ss — S1 < 0, ..., Son_1 — 51 < 0, 9n — S1 = 1)
————

1/2
Note S*n =S5,-1— 51, n >0 is another simple random walk

Sp = P(51<0,...802<0,8,1<1)
P(S1 <0,...52,-2 <0,S2,-1 =1)

= P(Tl =2n — 1)
2n—142n—1 2n—1-(2n—1) 2n—1
B 1 2n — 1 1 2 1 2 1 2n —1 1
T oop—1\ )\ 2 2 Ton—1\ )\ 2
2) By 1)
P(Ty>2n) = P(Ty>2n—1)
— 1-P(Ty<2n—1)
- 1= PS¢ -1,1)) (4.1)
— P(Spur & {-1,0))
= P(S2p—1=—-1) = P(S9, =0) (4.2)
Equality (4.1) is from corollary 102. O

Corollary 105. Ifp =g =1/2 then
P(Tp <) =1

for all k € Z. That is every state k is recurred at the end a.s.
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Proof. Use Stirling formula n! ~ (n/e)"v/2mn, so

( 2n ) 9-2n RE
n VT
Case 1: Let k # 0 we know by corollary 101

P(Ty > 2n) = P(Sa, € [k, k))
note also P(So, = k) < P(Sa, =0) Vk.

P(Tk > 2n) < QkP(SQN = O)

_ 2N\ ,-2n
()

9% I const 0
v N VN
Case 2: k=0
P(Tg > QN) = P(SQN = 0) — 0
by the same argument. O

Corollary 106. E[Ty] = oo, that is it will take long time to return.

Proof.
ElTy] = Y kP(Ty=k)=)» P(Ty>k)=>» P(Ty>k)
E>1 k>1 k>0
> ) P(Sy =0) =00
k>0 §
=7 S const
= vk

Proposition 107. For 0 <k < N, k+ N even

k

P(Sl >0,...,5v_1 > 0|SN = k:) = N

i.e. independent of q,p.

Theorem 108. (Last visit to 0) Let p = q¢ = 1/2 Fix N € N and
consider the least visit to 0 before 2N

Loy = max{m < 2N, S,, = 0}
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then

on N —2n \ (1\*N
P =2 = (30 (3 20) (3)
i.e. the Loy /2N has the so-called discrete arcsine distribution.

Proof.

P(Loy =2n) = P(S2, =0,52,41 #0,..., 5N #0)
P(S2p, =0, 2,41 — Son # 0, ..., Son — San, # 0)
P(Son, = 0)P(S2p41 — Son # 0, ..., Son — San # 0)

So
A J
S; = Sontj — Son = Xop+i is another random walk
i=1
= P(Sy, =0)P(S1 #0, ..., Son_2n #0)
= P(S2, =0)P(S1 #0,...,Son_2, #0)
= P(S9, =0)P(Ty > 2N — 2n)
= P(S9, =0)P(San_2n, =0)
B ( 2n > (1)”‘( 2N —2n ) (1)2N2"
n 2 N —n 2

0
Remark 109. 1) Loy is typically close to 0 or 2N.
2) Arcsine is motivated as follows
theorem 108 + stirling = P(Loy = 2n) ~ 7rn(1N—n)
so for N large and X € [0, 1]
~2
P(’%V<X): > P(lov=2n) =~ Y L
n<XN nexn TVUN —n)
~ Z % ~ X dx
nn<x yA=%) Jo mar(l-w)

2
= —arcsinvX
7
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4.2 Gambler’s Ruin

In this section Ty = 0.

we study P(Ty, < Ty,) for a1, as € Z, a; < 0 < ag, so this is probability
of hitting a; before ay (hitting ay means broken)

Notation 110. b € {1,2,....} total capital, S € N .S < b gambler’s initial
capital, b — S casino’s initial capital.

In each iid round, one player pays $1 to the other. P =probability of
gambler winning one round.

{T_s < Ty—s} = {gambler is ruined before casino}
{T_s >Ty—s} = {casino is ruined before gambler }

Proposition 111. 1) ifp #1/2

SIS
N—
0
|
/N
SIS
N—
o

P(T_s <Tp-g) = (

(
-
P(T_-5>Tys) = (

2) if p=1/2, fair game

In particular
P(T-s=Ty,-5)=0

The proof is more important than the result, because it illustrates an
important trick.

Proof. For S=1,....b—1

h(S) = P(T_S < Tb—S)
= P(T_S < Tb75|X1 = l)P(Xl = 1) + P(T_S < be,S"Xl = —1)P(X1 = —1)
= P(T_(s41) <Tp—(s+1)p+ P(T_(5-1) < Tp_(5-1)q
= h(S+1)p+h(S—1)gq
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To solve above difference equation, we need boundary condition

S0 (e S
ns) =447 (3) »#a
A+ BS p=q

the formula for P(T_g > T,_g) are found similarly. O

What is the duration T_g A Ty_g7

Proposition 112.

L_Ll_(%)s

ET_gANTy_g]={ %P 4P
S(b—-5) pP=4q

—
|
—~
kol
~—
5

Proof. Let Dg =T_g ANT}_g,

f(8) = E[Ds]=> kP(Ds=k)
k>0

= Y k(P(Ds=k|X1 =1)p+ P(Ds = k| X1 = —1)g)
k

= > k(P(Dgs1 =k)p+ P(Ds_1 =k)q)
k

E[1+4 Dgiilp+ E[1 + Dg_1]q
1+ f(S+1)p+ f(S—1)q

difference equation boundary condition f(0) = f(b) =0 O

What if the casino has oo capital?

If b = oo, then Tj,_g = oo gambler cannot win, but maybe he can survive
T g =00

1 p<1/2
P(T-s <o0) = lim P(T_-g < Tp_g) = S

Example 113. Roulette p = % for casino. A capital $128 with $1
round is enough for probability > .999.
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The duration of the game for b — oo
00 p>1/2
S/(g—p) p<1/2

Hence if the game is fair, the gamble will be ruined eventually but it
may take very long.

E[T-s] = lim E[T_s ATj-s] = {

5 Conditional Expectation

Let (2, F,P) be a given probability space, put A C F sub o—field.
A={4;,i>1}

w E[X]‘Ai]
EIX|A]® = Z Wlm(w)

7

Best L? approximation of X is A mbl. Recall that
H:=L*(Q,F,P) = L*(F)

is a Banach space. < X,Y >= E[XY] X,Y € L£? defines an inner
product, which induces the L? norm, that is (H,< - >) is a Hilbert
space (a complete inner product space).

Theorem 114. Let {0} # U be a closed linear subspace of a Hilbert
space. Then there exists a linear mapping 11 : H — U s.t.

1) 12 =T de. I%(2z) =U(z) Vo € H

2)<z—I(z),y>=0VereH, yecU

moreover ||z — II(z)| = minyey ||z — yl| i.e. Il(z) is the best approzima-

tion to x in U.

We will show the proof later using completeness.

Proposition 115. Let X € L?(F) then 3Y € L2(A) s.t.

1) E[X14] =E[Y14]VAc A

2) E[XZ)=E[YZ|VZ € L*(A)

Proof. Recall that £2(A) C L2(F) is complete = it is closed =

311 : £2(F) — L2(A) orthogonal projection. Set Y = II(X) then
<X-Y,Z>=0VZecL*A) < E[XZ]=E[YZ]

i.e. 1), 2) are a special case of property of Hilbert space. O
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Remark 116. X > 0as. — Y >0 a.s.

Proof. take A ={Y < 0} in 1) above. O
Lemma 117. Let Y12 € L' (A) if E[Y114] = E[Yal4] for all A € A,

Y1 = Y2 a.s.

Proof. Let A ={Y1 < Y3}, then

E[(Y1 -=Y2)1a] =0 = P(A4) =0

This is even true for Y; 9 € LS]F.

Corollary 118. Let X € L*(F), 3 at most one Y € LY(A) s.t.
E[XIA]ZE[YIA] VAe A
Proposition 119. Let X > 0 there exists an (a.s.) unique A-mbl

Y:Q =Ry st. E[X14]=E[Y14]VAc A

Proof. For n > 0 let X,, = X An then X,, T X as. and X,, € L2(F).
Let Y, = II(X,,) then

Yo<YVi <..< ... as.

define Y = lim,, Y;, then Y is a A—mbl and for all A €¢ A

Elyl 4] E[lién Y,14] =lim E[Y;,14]

= limE[X,14] = E[lim X, 14] = E[X14]
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5.1 Definition

Definition 120. If X > 0 is any RV then (a.s.) 3 unique A—mblY > 0
s.t. EF[X14) = E[Y14] VA € A is called the conditional expectation of
X given A and denoted by

Y = E[X|A]
Definition 121. For X € £!(F) define
E[X|A] = E[XT|A] - E[X|A]

Proposition 122. E[|A] : LY(F) — L£L1(A)

1) is linear and continuous

2) is monotone i.e. X >0 a.s. = E[X|A] >0 a.s.
3) E[XZ|A] = ZE[X|A] V Z € £L®(A)

Proof. 1) , 2)

Xell = X", X e = E[EX'A]=EX"]
— EX*HA el = E[X|AeLl!

Linearity follows from definition. Next show continuous
IEIXIA]l, = ElEIX|Al = E[EIX|A]"] + E[E[X|A]7]

EE[X|A]] + B[E[X ™ |A]

E[X]+E[X"]

= E[IX]] = [IX],

hence
|E[Xq1]|A] — E[X|U]|, = [[ X1 — X2l

we showed it is Lipschitz continuous

3) For Z = 1p, B € A. Claim

15E[X|A4] = E[X15|4]

proof of claim: VA € A

E[(X1p)14] = E[X14 n gl = E[15E[X|A]14]
cA
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By linearity 3) is okay for Z simple.

Let Z € L>*(A) by approximation theorem Jsimple functions Z, €
L>X(A) s.t. Z, — Z a.s., we have

Z,E[X|A] — ZE[X|A] in L' by DCT

or
XZ, = XZin L'

by linearity
E[XZ,|A] = E[XZ|A] in L

by uniqueness of limit

E[XZ|A] = ZE[X| A

Definition 123. If Y is a rv we define
EX|Y] = E[X|o(Y)]

Proposition 124. Let (A,)p>1 be a F-mbl, partition of Q and let A=
o(Ap>1) then
E[X14,]

BIXIA = Y s,

n>1
Proof. Exercise. O
Definition 125. Conditional Probability is defined as follows
P(B|A) := E[1p|A],B € F
Note 126. If A=0(A) = {2,0, A, A“}

P(BnN A) P(BnN A®)

PEA="p@y 1+ ~pao)

].AC

Notices the common notion to express above, although not consistent
with measure theory is

P(B|A) = P(;DB(Z)A)
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Next we discuss various convergence theorems in conditional expectation
settings:

Theorem 127. (MCT)
0<X, "X as. = E[X,|A] "E[X|A4] a.s.
Theorem 128. (Faton)
Xn >0 as. = Elliminf X,|A] <liminf E[X,|A] a.s.
Theorem 129. (DCT)
X, = X as |X,| <Y eL' = E[X,|A = E[X|A] a.s. in L'
also 1) continuous, 2) E[X,|A] < E[|X,||A] < E[|Y]|A]

Remark 130. The statement ”X,, — X a.s. (X,) Ul = E(X,|A) —
E[X|A] a.s.” is false, but it is true that

X, = X in I' = 3(X,,,),E[X,|A] = E[X|A] as.

5.2 Filtration & Martingale
Theorem 131. (Conditional Jensen’s Inequality) If X € L', ¢ convex
E[p(X)[A] > Y(B[X]A]) a.s.

Proof. Similar as for usual Jensen. 0

Corollary 132. E[|A] is a contraction of LP, p € [1, o0]

IELXTA], < 11X,

Proof. For p < oo apply Jensen to X — |XP, for p = co — || X|| <
X < || X as.

— Xl < EIXIA] < | X[ as.

Example 133. Let X € L1(F)
a) A is trivial i.e. A= {2,Q} = E[X|A] = E[X] as.
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Proof. E[X]is A—mbl,

E|E[X]14] = E[X14] VA€ A

b) if o(X) and A are independent

E[X|A] = E[X] a.s.

Proof. Assume first that X is mbl
E[E[X|14] = FIX|E[14] = E[X14fAc A

The second equality is by Independence. This is true for E[X], E[Y] €
L' = E[X|E[Y]=E[XY]€ L. O

c¢) Tower property. Let 49 C AC F

E[E[X|A]Ay] = E[X|Ao] a.s.

Proof. E[X|Ap]is Ap—mbl, VA € A

E[E[X|A]1a] = E[E[X14]A]]
= E[X1a] = E[E[X]|A]14]

One can generalize Ap>1 \, Ao
..E[...E[E[X|A1]|A2]] = E[X|Ax]

called backward most convergence

d) Let (Xg)r>1 iid Xj, € £ E[X;] =0
S,=X1+..+X,

]:n = O'(Xan) = O'(Slsn)
then F; C F C .... (called a filtration), and for all n

E[Sy41|Fn] = Sy

called a martingale.
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Proof.

E[SnitlFa] = E[Sn+ Xnit|F]
E[Sy|Fn] + B[ Xp+41|Fn)
= Sp+ E[Xp41] = 5Sn

the third equality is due to the facts that F,—mbl and X, 1, F, inde-
pendent. 0

5.3 Hilbert Projection

Theorem 134. IfU C H is a closed linear subspace in a Hilbert space,
31 orthogonal projection
m:H—H

Theorem 135. Let ¢ # M C H be a closed, convex subset, for each
XeH3lY, eM st

X =Y.l = nf X~ Y|
eM
i.e. Yy is the closest point in M.

Proof. (of theorem 135) Uniqueness: Let Y; 2 € M s.t.
il = |Y2ll = inf Y] =D
leM
M convex =—> w e M = |Y1+Ys] > 2D. We have the
parallelogram law

2 2
21y l]” + [1¥2%)
= <V-YV, T -Yo>+<Vi+Y,, Y1 +Yo >

Y1 = Ya|* + Y1 + Y2

Hence

Y1 = Yo = 2|Va|*+2 Y2 *~[|Y1 + Y| < 2D*4+2D%~(2D)* =0 = Yi =Y,

Existence: D :=infy ey [|Y] = 3V, € M s.t.
[Yall = D
using convexity + parallelogram inequality

HYm - YNHQ = Q(HYmHQ + HYnHQ) - ”Ym + YnH2
< 2| Val® + [Val®) — 4D = 0
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= (Y,) is Cauchy, H is complete, there is a limit Y i.e.

Yo = Yall 2 0 = D =Tlm|[|Y,| = [|Ys]]

Now prove theorem 134.

Proof. Let M = U be a closed linear space, by theorem 135, given
X € H define

as the closest point in H
1) it is clear that 7(7w(X)) = 7(X)

2) it remains to show that Y, is characterized by
<X-Y,.Y>=0 VYeU
Let Y =0 = < X - Y,,Y >=0,let Y € U/{0} for any A € R

IX =Yi? < X = (VAP =< X = (Ya +AY), X — (Yo +AY) >
= X -V - A< X -V, YV > -7

choose

X-Y.Y
:<HYH2> e X -V, Y320 — < X Y.,V >=0

Conversely let Y € U satisfy < X —Y,Y >=0,VY e U. Given Y € U

2

~ ~ 1|12 ~ 2
R I N

IN

_ “(X_?)+(1?—Y)(‘2 Y -V eU
= |x-Y|?

i.e. B
HX - YH — inf || X — Y
YeU
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6 Measure Theory Part 11

6.1 Change of Variable Formula

Theorem 136. Let (2, F, P) be a probability space. (S,p) another
measure space and let X : Q — S be mbl. Let u = P o X™ be the
distribution of X i.e.

pw(A)=P(Xe€A) Aep
and let h: (S, p) = R be mbl

1) if h is non-negative, then

VAenp, /X—l(A) h(X (w))dp(w) = /Ah(s)uds (6.1)

2) h is p—integrable iff h o X is P—integrable, and in this cases (6.1)
holds.
Note 137. In part

E[h(X)] = /hdu
Proof. (Sketch) Let h = 1p, B € p then
/ h(X)dp:P(XeAﬁB):p(AﬂB):/1Bdu:/hdu
X-1(A) A A

By linearity, the theorem holds for simple functions. Then the general
conclusion follows by approximation. O

Example 138. Let X : Q@ - R, h: R — R, assume that X has a pdf,
fie.
u(A) = [ fa)da

then

if h > 0 or integrable.

Example 139. Let X : Q > Z ,h:Z—R,let P, =P(X =n),n€Z
then

Eh(X)] = 3 h(n)P,

nez
if h > 0 or integrable.
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Example 140. Let A > 0 X : Q — {0, 1,2, ...} is Poisson (A)—distribution
if

)\k
pe=PX =k) = e_Ay, k=0,1,2,..
then
.\ )\k: . Akfl
k>0 k>0 E>1
_ AE
= A =2
k=0
also
)\k
EIX(X-1)] = > k(k- 1)e*Aﬁ
k>2
2 A AF—2 2
= Xy (k—2) A
k>0
that is

EX* =X+ EX] =X+
Definition 141. Variant is defined as
var(X) = E[(X — E[X])?] = B[X?] - B[x]?
This is a way to remember Jensen. Apply Poisson

var(X) = A2 + A= A2 =\

6.2 Borel Cantelli Lemma

Standard application of this lemma: Monkey types binary text handout,
will complete the text if we wait long enough.

Definition 142. Consider a sequence (A,>1) C F in a probability space
(Q7 F? P)a

{4,, infinitely open (i.0.)} = limsup 4, := ﬂ (Un>kAn)
" k>1

= {we:we A, for co many n}

Remark 143. limsup,, 14 = 1{An o} = Llimsup A, }
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Lemma 144. (1st Borel Cantelli Lemma) Let (Ap>1) C F then

> P(A,) <00 = P(Ay, i0.)=0

n>1
Proof.
P(Anio) = P((] UnzkAn)
k>1
= lim P(UnxAp) < lim > P(4;) =0
n>k
the second equality is given by the continuity of measure. ]

The 2nd Borel Cantelli Lemma is partial converse of the 1st.

Lemma 145. (2nd Borel Cantelli Lemma) Let (Ay,) C F be independent
then
> P(4;) =00 = P(A, io0)=1

Proof. Let 1 < k < m recall that (Afzzl) are again independent, hence

0<1-P(J An ﬂAC = [[ P4s) = J] (1 - P(A4n)
n=~k n=~k n=~k
Since 1 — X <e X for 0 < X <1, we get
=Y P(4n)
m m n=~k
——
1ZP(UAn)21—He_P(A”):1—e —oo as m — 0o

Use continuity of measure

P( U Ap) = linIInP( U Ap) > 1 for every k

n=k n=~k
:> o
P(A, i.0.) mUAn—l
k n=k
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Example 146. Let S = (ag, a1, ..., a,) be a binary sequence of length
n. A monkey is given a 0/1 keyboard and he produces an iid sequence
(Xk21) with P(Xy = 1) = P(X; =0) = 1/2, then let

A = {Xk’ = aop, "'7Xk+n = an}

P(Ak i.O.) =1

Proof. P(Ag) = 27" — " P(A4) = co. The Ay, are not indepen-
dent but (A(,41)x)k>1 are independent and

Z P(A(nJrl)k) =
k

by the 2nd Borel Cantelli Lemma

P(Ak i.O.) =1

6.3 Monotone Classes and Dynkin System

Definition 147. Let C be a non-empty collection of subsets of €.

1) C is a monotone class if it’s a closed under countable increasing unions
and countable decreasing interaction

2) C is a II—system if it is stable under intersection
3) C is a A—system if Q@ € C, C is closed under countable increasing

unions, and A, B € C and if B C A, then A/B CC.

Note if (Cier) are monotone classes, so is (),c;C;, same for A—system.
Hence given any family (Ajcs) € 2 3 a minimal monotone class
m(A;j)jes and a minimal A—system A(A;),cs containing (A;)

Lemma 148. If C is a monotone class, it is a field.

Proof. Exercise. O

Theorem 149. (Monotone Class theorem for Sets) Let C be a field,
then
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Proof. Let M = m(C), since any field is a monotone class.
M Co(C)
in light of the lemma, it remains to show that M is a field.

Fix G € C and let
Cc={FeM:F/G,G/F, FNGe M}

then ¢ € Cq, G € Ca and Cg is a monotone class.

Moreover C C Cq since C is a field — M CCq — M = Cq. Now
let G € M, the above shows G € Cr VF € C which implies F' € Cg by
symmetry. Again Cg is a monotone class =— M CCq — M = Cg.
This holds for every G € M meaning that M is a field. O

Lemma 150. IfC is a lI—system and a A\—system, then C is a o—field.

Proof. Exercise. O
Theorem 151. (Dynkin) Let C be a 11— system, then A(C) = o(C).

Proof. Clearly A(C) C o(C), in view of the lemma it suffices to show that
L := X(C) is a IT — system.

Let L1 ={A€ L:ANB € L for all B € C}, then C C Ly, since C is a
I[I—system. Using that £ is a A—system, £; is a A—system — L = L,
by minimality.

Let Lo={AeL:ANBe€ L forall Be L}, then L=Ly = C C Ls.
Again L9 is a A—system =— Lo = L i.e. L is a [I—system. O

Theorem 152. (Determination of Measures) Let C be a I1—system s.t.
o(C) = F. If P, Q are finite measure on F and P = Q onC, then P = Q
on F.

Corollary 153. If P, Q are finite measure on (R, B(R)) s.t. P([a,b]) =
Q([a,b]) Va < b, then P = @Q on B(R).

Example 154. (counterexamples)
Q = {a,b,cd}
C = {{a,b},{b,c} {c,d}, Q}
Pa) = P(b)=P()=P(d) =
1

Qa) = Q)= 3Q0) = Q) = ¢
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— P =Q on C, C generates 2 but P # Q.

Proof. (of theorem 152) Recall if C is a II—system, then A(C) = o(C).
Consider £ = {A € F,P(A) = Q(A)}, then C C L. Moreover L is a
A—system

HPOQY=1=Q(Q) soNeL
2) Let ABe LACB
P(B/A) = P(B) — P(A) = Q(B) — Q(A) = Q(B/A)
hence B/A € L
3) Let (An)nen € L st Ay, C Apta

00 N
PO A = i P A = i A
n=1 n=1
N
= Jim Q(4n) = @(nL:J1 An)

So UN_| 4, € £ and L is a A—system so A(C) C £ but

soF=LsoVAeF, P(A) =Q(A). O

Theorem 155. Let I, J € F be independent I1—system, then o(I) and
o(J) are independent.

Proof. Exercise. O

Theorem 156. (Monotone Class Theorem for Functions) Let M be a
class of bounded function Q — R which is closed under multiplication
(if f,g € M, so is fg) Let M be a vector space of function Q@ — R
containing M. If (fn) € M with 0 < fi < fo < ... s.t. F =limy 00 fn
is bounded, then f € M.

Put this theorem in words: M contains all bounded o (M) - mbl func-
tions.

Proof. Exercise. O
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6.4 Product Measure
Kernels and Fubinis Theorem

Definition 157. Let (Si,p1) and (S2,p2) be measurable spaces. A
(stochastic) kernel K (X1,dX2) from (S1,p1) and (S2, p2) is a mapping

K : 8 xSy —[0,1]

st. VX, € S K(Xy,-) is a probability measure, and ¥V Ay € Sy, the
function K (X1, Ag) is p1—measurable.

Probability interpretation: S; and So are states of a random system at
time 1 and 2. K(Xj,-) is the probability of the state of the system at
time 2 given that the system was in state X; at time 1.

Example 158. V X; € S, let K(X3,) = P» fixed probability measure
on Sy, i.e. no dependence on Xj.

Example 159. Suppose S; = Sy = S which is a finite set {o1,...,0m}
and p; = pa = P(S). Any probability measure on S is determined by
P({o1}),..., P({om}). Then K is given by a matrix

K = (Kij)1<ij<n

where K;; = K(0;,{0;}), K is stochastic matrix, namely

K;; >0 and ZK(oi,{oj}) =1Vo; €S
j=1

So f(ij is the probability to jump from o; to o,.
Let Q = S; x Sy with o—algebra o(p1 x p2). Let P be a probability

on (S1,p1) and let K be a Kernel from (51, p1) to (S2, p2), we want to
construct a “product” measure P = P; x K.

Discrete Case

Let S; be a countable sets and p; = P(S;) then Q is countable and P is
given by the weights

P({X1,X2}) = P({X1}) K (X1, {X2})
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thenVf:Q — Ry

() = [ = Y f0 X PG, X))

X1,X2

= Y ) (XL XK (X { X PL({X1})

X1 X2

— /S1 ( S2f<X1,X2)K(X1,X2)> Py(dXy)

General Case

On Q = 51 xS we use the product o—field F' : py x pa = o({A1 x Az]A; €
pi}). This is the c—algebra generated by “rectangle” A; x Aj.

Theorem 160. (Fubini) 3! probability measure P on (2, F) = (51 X
So, p1 X pg) s.t.

/ fdp = / ( f(Xl,Xg)K(Xl,dX2)> P@AX))  (62)
Q S1 Sa
VfeLyQF). In particular

P(A) = /K(Xl,AXl)Pl(Xm) VAeF

where AX, = {Xy € 99|(X1,X2) € A} is the Xi—section of A. In
particular if A = A1 x As,

P(A) = B K(X, A2)P1(dXy)

Remark 161. 1) (6.2) also holds for f € £1(Q, F, P)

2) this can be extended to o—finite- measure.
3) Special case if K (X1, ) =p2 VX1, we have
P=P xP
a product of two measures. Then
(Py x P2)(A1 x Ag) = P1(A1)P2(A2)

and we get the classical Fubini theorem

/ fd(P; x Py) = / </ fdP1> dPy = / (/ fdP2> dPy

VfeL) or feLY(P).
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Lemma 162. If f : Q — R is p1 X po—mbl and X1 € S then the section
le() = f(Xla ) : (327/)2) — ]R

7s mbl.

Proof. The mapping
x,(0) « Xo = (X1, Xo)
from (Sa, p2) to (S1 X Sa, p1 X p2) is mbl.

%) X1¢A1

LA x Ay) =
U, (A1 x A2) {A2 Xi € Ay

then the composite Fx, = f o1x, is mbl. O

Corollary 163. A€ p; X po = Ax, € po VX1 € 5.

Proof. (of theorem 160 Fubini) 1) Uniqueness: P is unique because the
rectangle A1 X As € p1 X po generates p; X po and form a II—system.

2) P(A) is well-defined. By the corollary AX; is mbl. So
P(A= /K(Xl,AXl)Pl(Xm)

make sense. P is a probability measure, so
i)
P(Q) = /K(Xl,pz)Pl(Xm) =1

ii) (A")p>1 € F adjoin = (U, A")x, = Up A% and
P A = /K(Xl,UA’}(lPl)(Xm)
= Y [ vy A = Y P

— P isaoc—mbl
3) Let F € £ Claim:

X1 l—)/f(Xl,XQ)K(Xl,dXQ)
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is p1—mbl.

proof of claim: By approximation and linearity, it suffices to consider
F =14, AeF

then
/f(Xl,XQ)K(Xl, dXs) = K(X1,AX,)

let
C= {A ceF: X1~ K(Xl,AXl) is mbl}

If A=A x Ay € P1 X P2 then K(XlaAXl) = 1A1 (Xl)K(Xl,AQ) is Hlbl,
so A € C, also C is a A—system. By Dynkin C = F = claim is proved.

4) The formula (6.2) is true by definition for f = 14, A € F. By linearity
and approximation, it holds for f € £9r. O

Next we study the “converse” to Fubini:

Theorem 164. (decomposition of measure) Let P be any probability
measure on (Q, F) = {S1 x S, p1 X p2}

Pl(Al) = P(Al X SQ), A € P1

If Sy is a complete metric space and py = B(S2) then there exists a
Kernel K s.t.
P=P xK

Proof. Exercise. O

We will show how to construct K in two special cases:

i) Discrete Case: If S, So are countable, set

_ P{(X1,X2): Xy € A}
K(X1,42) = P{(X11X22) : X12€ S2)}

If the denomination is 0, let K be any probability on ps.

ii) Conditional density: suppose we are given (o—finite) measure m,
mg on S1, Sy and P admits a density wrt mi X mo

P(A) ://f(XlXQ)ml(Xm)mQ(dXQ)
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Note that the marginal P; has a density given by

A(X) = / F(X1, Xa)ms(dX)

Set

90 1 (dX5) (X)) #0

K (X, Ay) =
. 42) {an}’PTObOHm fi(X1) =0

then P =P x K.

One can call

Definition 165.
f(X1,Xo)

fElX) = f1(Xq)

conditional density.

6.5 Infinite Product

It has applications to random walk and quantum field theory.

For i =0,1,2,... let (S;, p;) be a mbl space and let
(S™, p") = (So X .. X Spypo X ..o X pp)

Given a probability Py on (Sp, pp), Vn > 1 we define a kernel K,, from
(S 1 p" 1) to (Sp, pn). This gives a discrete time dynamic system with
state space S; at time ¢, Py initial distribution,

Kn(XOa ceey Xn—ly An)

the probability of being in A, at time n given that Xy, ..., X,,_1 were
the states at t =0,1,...,.n — 1.

Fubini should have the following form: for each n > 1, we have a prob-
ability P™ on (S™, p™)

P': = P
Pt = Pl xK,=Pyx K X..xKp, n>1

If f e L£9(S™, p"), then

/fdP” :/Pg(dXo)/Kl(Xo,Xm).../Kn((Xo,...,Xn_l),an) F(Xo, .y X)
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Let Q = [[2, S = {w = (X0, X1,...), X; € S;}, this is the space of
possible “trajectories”.

Let X, : Q — S, be the canonical projection i.e.
Xp(w) =X,

if w = (Xo, X1,...). Let F, = 0(Xo, X1,..., X;,) “event observable up to
time n” and
f:J(X(],Xl,...) :O'(U fn)

n>0

We want to construct a probability P on (£, F) that behaves like P"
up to time n.

More precisely: each A € F,, is of the form
A=A" X Spi1 X Spaa X ...
for some A™ € p", and we want
P(A"™ x Sp41 % ...) = P"(A")
VA" € p", n > 0.

Theorem 166. (lonescu-Tulcea) 3 a unique probability P on (2, F)
s.t.
P(A™ x Sp41 X Spyo X ...) = P"(A") (6.3)

VA™ € p" n >0 and more generally

[ F0. X1 Xo)P = [ Po(@X0) K (X, X1 Ko (X X1, X F (K

for all f € LY.(S™, p™).

Proof. (Sketch) Uniqueness: P is determined by (6.3) on finite rectan-
gles, they form a m—system generating / =— P is unique.

Existence: (6.3) defines P on the field

eSS

n>0

One checks that P is c—additive on £ and uses the Caratheodory theo-
rem. O
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Definition 167. The stochastic process (X,>0) on (£2, F, P) has initial
distribution Py and transition law (or kernel)

Kn(XOa --‘an—l’An) = P[Xn € An|XO = T0y -y Xp—1 = l‘n—l]

if S; is countable, one can define the RHS directly and show this.

If K,(Xo,..., Xn—1,) = Kn(Xp-1,-), i.e. K,, depends only on the “cur-
rent” state X,,_1, X is a Markov process.

If furthermore (Sy, pn) = (S, p) and K, = K, we say that X is time-
homogeneous.

Proposition 168. Let P, be the n—th marginal i.e.
P,(A)=P(X,€A), Acp"

then (Xy>0) are independent (under P) iff

P:HPn

n>0

ie. K,=PF,Vn>1.

Proof. Let P = [L.50 P (X») are independent iff

P(Xg € Ao, ..., Xn € Ay) = [[ Pi(Xi € Ai) = P(Xq € A, .., Xp € Ap)
1=0

iff (because of rectangles form 7—system)

P=P

O

Example 169. Let S, = {+1} Vn > 0, So = {0},P,({1}) = p =
1_Pn({_1})

Let Q = 7Sy, P =P, = (X,>1) are iid P(Xo = %1) = {

ie. S, =Xo+ ...+ X, is a simple random walk.
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6.6 Caratheodory Extension and Existence of
Lebesgue-Stieltjes Measure

Theorem 170. (Caratheodory) Let & be a field of subsets of Q0 and let
v:&— [0,00] satisfy

1) v(¢) =0
2) v is o—finite
8) v is o additive on § if (An>1) C & are disjoint and |, An € &, then

i)
v({J4n) =) v(4n)

i1) v extents uniquely to a o— finite measure p on o(§). Moreover

u(B) =inf{} v(An), A, €&, B el JAn} (6.4)
Beo(f).

Proof. uniqueness: m—system; existence: one checks that (6.4) defines a
measure. O

Example 171. Let F': R — R be non-decreasing and right-continuous,
define

¢ = {U(aj,b;] : =00 < aj < bj < oo,n € N}
j=1
Lemma 172. Let A € £ then A is a union of disjoint intervals (aj, b;],
1<j<nand
v(A):=) F(b;) - F(ay)
j=1
defines a o— finite, c—additive function on §.

Corollary 173. (Lebesgue-Stielties) Let F' : R — R be non-decreasing
and right continuous, there exists a unique measure p on (R, B(R)) s.t.

p((a, b)) = F(a) — F(b)

Va <b. If F(x) = x this is the Lebesque measure.

Proof. Note that £ is a field and ¢(£) = B(R) in view of the lemma 172,
we can apply the Caratheodory theorem. ]

57



Now we prove lemma 172.

Proof. 1) v is well-defined: v(A) does not depend on the choice of the
disjoint intervals.

2) o—finite: R = Uy (—n,n] and v(—n,n] = F(n) — F(—n) € R

3) claim: if —0o < a < b < o0 and (a,b] = Up>1(an, by] is a countable
disjoint union, then

v(a,b] = Z v(an, by

n>1

proof of claim: finite additive is clear;

v(a,b] > Z v(an, by

n>1
follows from definition. Let 0 < £ < b — a, choose by, > by s.t.

F(bn) — F(by) < 27"

which is possible because F' is right continuous. Then U, (ay,, b,) form a

covering of [a+e, b), which is compact, so Ja finite sub cover (an, , bn, )-.-(an, , bn, ),
SO

via+eb = F(b)—Fla+e) <> vian,, b
j=1

e
< e+ Z v(an;, bn,]
j=1
letting € — 0, using right continuous,
e
v(a,b] < D v(an,,bn]
j=1

4) v is o—additive on &: reduces to 3). O

7 Limit Theorems

7.1 Convergence in Distribution

Definition 174. Let u,, n > 0 be probability on R, then u, converges
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weakly to g (denoted p,, = o) if

/ gdpin vd / gdpio

Vg € Cy(R), bounded continuous function R — R. Also called vague
convergence.

Definition 175. Let (Q,,F,P,), n > 0 be probability spaces. X, :
Q, — R r.v. then X,, converges to Xy in distribution (or in lawX,, i)

Xo, X, 2> Xo, X, = Xp) if the corresponding distribution con-
verges weakly i.e.

B [9(Xn)] — E™[9(X0)],¥ g € Cy(R)

[ gun Janro
Theorem 176. Let X,,, n > 0 be rv’s on (Q, F, P) then
X, 5 X
converges in measure implies

Xn—>X0

Proof. Let X, £, Xp, then
P
9(Xn) — 9(Xo)
for all g € C(R). If g is bounded, {g(X,)} is Ul =
E"[g(Xn)] = E”[g(Xo)]

O

Theorem 177. Let iy, pu be probabilities on R and F,,(X) = pp((—o0, X]),
F(X) = p((—o00, X]). The following are equivalent:

1) pn = p
2) [ gdpn — [ gdu, ¥g € C3°(R)
3) Fo(X) = F(X),VX € C={X € R: F is continuous at X}
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Proof. 1) = 2) clear

2) =3)let XcC,d>0,let hecC®best. 0<h<1 h=1on
(—00,X], h=0o0n [X +J,+00).

Then F,(X) < [hdp < F,(X +6), F(X) < [ hdp < F(X +6), then

2
limsup F,(X) < lim/hd,un :)> /hdu < F(X +9)

n—oo

1
et:5>¢0 lim sup F,,(X) < F(X) - F is RC. Also

Fy(X —8) < /h(. + 8)ditn < Fo(X)
FOX=0) < [ b+ 0, < F(X)

— liminf, oo £ (X) > lim [ h(- + 0)duy = [h(- +6)dp > F(X —6)

et 00 i inf B, () > P(X)

Xel

3) = 2) Note: F is non decreasing —> R/C'is countable — C C
R is dense. Let € > 0, by 3) there exists a,b € C' s.t.

p(la,0) > 1 —e

and
tn([a,b]) >1—€¢ ¥n

Let g € Cp(R), since g is uniform continuous on [a, b}, 3§ > 0 s.t.
(X =Y[<d = |g(X) —g(Y)| <e

VX,Y € [a,b}. Fixa =Xy < Xq1 < ... < X,,, =, |Xi_Xi—1| < (5,
X; e let

9=>_9(Xi )1x,_.x,
=1

then

]g(X)—g(X)S{f if X € [a,b]
”g”oo else

[ g =3 X (060) = (X)),
i=1
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and X; € C, we have

/ gdpn — / gdp

therefore,

‘/gdﬂn - /gdu‘ < /gdun — gdpin,

< €34 2]g|) for n large

O]

Remark 178. u, = u does not imply
pn(A) = p(A)

for every A € B(R) not even for A = (—o0,n]. For example

1

1 = &g, then

pn == pbut 0= p,({0}) /= p({0}) =1

but it is true that
fin(A) = (A)
for all A € B(R) s.t. u(DA) =0, where A = A/A.

Also recognize that

X, 5 X
doesn’t imply

X, 2 X
or even

X, &5 x

However this changes if only the distributions are given and the r.v.s
can be chose.

Theorem 179. (Skovohod) Let F,, n > 0 be cdf’s s.t.
Fn(X) = Fo(X)

VX € C ={X : Fy continuous at X}, there exists a probability space
(Q,F,P)and rv’s X, : Q@ — R s.t.

Fo(r) = P(Xy 2 )

and
X, — Xp a.s.
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Proof. Let (Q,F) = ([0,1],B]0,1]) and P =Lebesgue measure. Let

XF(w) = inf{X: F,(X) > w}
X, (w) = inf{X:F,(X)>w}
then X, > X and F,(-) = P(XF <), then
XF=X_ P—as.
Let w € Q, X € (X (w),00) N C, then
X>Xi(w) = RX)>w = F,(X)>w

Vn large, then
X > X7 (w) Vn large

then
limsup X,/ (w) < Xp
let
X | Xg (w) = limsup X,/ (w) < X (w)
Similarly

liminf X, (w) > X (w)

Since X;I = X, a.s., we have

X — X{ as.

7.2 Law of Large Numbers

Let (X,,)n>1 be integrable rv’s on (2, F, P) . Assume that
EX,)=peRVn
and let S, = X7 + ... + X,,.

Definition 180. The weak law of large numbers (week LLN) holds for
(X if

Sn P
n

as n — oQ.



Definition 181. The strong law of large numbers (strong LLN) holds
for (X,,) if
Sn a.s,

— = pu
n

as n — oo.

The basic idea is sample average — expectation. This needs integrability
and independent assumption.

Example 182. Let (X,,) be iid with density

1 1
1+ X"

P(X) =

Cauchy distribution. Then one can check by convolution that % has
the same distribution for all n. Hence

E[|Xs]] = oo

Theorem 183. (A weak LLN) Let (X,)n>1 be integrable r.v. with
E[Xn] =pvn

var(X,) = E[(X, — E[X,))?] = 0% < o0

cou(Xy, Xj) = E[(Xi — E(Xi))(X; — E(X;))] < R(li — jl)
where R : N — R with R(n) — 0 as n — oo.Then

S,
on Py
n

for S, =X1+ ...+ X,

Proof. WLOG p = 0 By Chebyshev’s inequality

B(S)? _ B(sY)

on
n
€2

V
U
A

n2e2
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hence

Note

hence

E[S2] = E[(Xi+.X,)"= > E[XX]]

= iE[Xf]—i—Q > EBIXX;)

i=1 1<i<j<n

no® +2> > R(j—1i)

i=1 j=i+1

n—1
= no’+> (n—k)R(k)
k=1

IN

no® + 20> |R(k)|

<
k=1
1 n—1
|R(k)] = 0 = EZ]R(k)]—m
k=1
S no? on 1 =2
n < — - =
P(|~ ‘ >0 <55 +n62n;|R(k)| —0+0=0

Lemma 184. X € R, X — 0, then

Proof.

Theorem 185. (Strong LLN) Let (X})r>1be pairwise independent and
identically distributed rv’s with E[|Xk|] < co. Let u = E[X4] and S1 =

1 n—1
3 X =0
n

k=1

X1+...—|-Xn B X1+...+XN+XN+1+...+Xn

n n n

X1+ ...+ X, then

Sn a.s.
%

n
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We use Etemadi’s proof.

Lemma 186. [t is sufficient to prove that
T,
= 5 as.
n

where T, = Y1+ ...+ Y,, Y, = Xilx, <k

Proof.
> P > ) / P(IX1| > 1) = B[ X1]] < o
1 T
— f%)(k7é}% LO) =0
= sup|5’n —T,| < 00 as.
lim sup = Su — Jim sup %
lim inf % = lim inf %
Lemma 187. v2)
EY,
> k; < 4B[|X4]] < 00
k>1
Proof.
) 00 k
BYE) = [ 2PVl > iy < [ 20P(60] > )y
0 0
implies

2
> Eg 3 < > kz/ Lyy<iy2yP(1X1] > y)dy

k>1 k>1

— /0 (Zk*21y<k)2yP(|X1|>y)dy

k>1

Claim: 2y ., k72 <4Vy>0.

Proof of claim: Let m > 2 then

o0 1
Zk 2 < / o 2dr =
1 Wl—’l

k>m
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If Y > 1, sum starts with k = [V | +1 > 2,

2V
:>2Y§: 22 <y
g T Y-
k>Y

fo<yY <1,

2V Yk~ 2<21+Zk

k>Y

proves the claim. Together with (7.1)

E[Y? o0
> ;MSA%;FMXH>YMY:AEW&H<K

Now we prove strong LLN

Proof. By treating separately X ,j , X, we may assume that Xy > 0, we
first prove the result along a sub sequence k, = |a"|, where a > 1 is a
fixed constraint.

var T
ST P(Th, — B[T3, )| > eky) < 2) ) e ’“”

n>1 n>1

k
1 n
€2 E = g var(Yy,) *.pairwise indep

n>1" " m=1

= € Zvar Z k:2 *.'Fubini

m>1 nekn>m n

IN

also

@2 = Y 0 ?<a Y e <dloa)

n€kn,>m ne€ky,>m
SO
P(|Ty, — E[T; k) < 41— a2 Eyz]

> P(Tk, = BTy, )| > ekn) < 4(1—a7?)7le ) =23 < oo

n>1 m>1
then - .

pTe = Elall 50y
ki
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ie.
Tk, — E[T}, ]|

kn
Since E[Y;] — E[X1] = p (DCT), this shows

— 0 a.s.

e — u a.s.
To handle the indices between the k,’s , sandwich if &k, < m < k,41,

then
Tkn T Tkn+1

<—<
Ent1 m kn
Since kn = [a" |, we have
knJrl
%
kO
and ) T T
—pu < liminf =2 < Iimsup—m < ap
« m—oo M m—oo MM
Now let
o
all = lim— =y
m
Now the theorem of strong LLN follows from lemma 186. O

LLN tells us

% ﬂN:E[Xl]

but how far does S,, deviate from ny (fluctuation) ?

Theorem 188. (Law of the Iterated Log) Let (X,,) iid, X, € L2, let
p = E[X1] 0% = var(X1), then

lim sup M = +1
202nin(Inn)
lim inf _ Snzme = -1
202nin(Inn)
Proof. Exercise. O
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7.3 Central Limit Theorem

Recall that X ~ N(u,0?) (n € R,o > 0) If

1 T _ww?
P(Xgar)—\/m/ e 222 dy

and then p = E[X], 02 = var(X). Let ® be the cdf of A(0,1) i.e.

1 * y?
o= | %4
\/ 27 /—oo Y

Note that ® is continuous.

Theorem 189. (Central Limit Theorem) Let (X;)i>1 be did with E[X;] =
p and var(X;) = 02 € (0,00). For Sy, = X1 + ... + X,

Sn — N

T = N(0,1)

or equivalent

Sn —np
— <
o <z)—>®(x)VzeR

Theorem 190. (Lindeberg) Let X, ;, 1 <i<mn,n>1 berv. and

P

1) Xy1,..., Xpn are independent ¥V n
2) E[Xn:] =0, E[ng] = U?L,i < o0, Z?:l U?L,i =1Vn
3) limy,— 00 Z?:l E[X727,77,1{|Xn1|>6}] =0,Ve>0

Then Sy, = Xp1 + ... + Xpn = N(0,1)

Note: the iid assumption from the CLT is relaxed here.
Remark 191. Each of the contribution X, ; is small:

2 2 2
11’2%)% Un,i S max(e + E[Xn,il{‘Xn,i|>€}])

IN

n
€+ E[X]11x, 5]
=1

—0 by 3)

We first prove Lindeberg = CLT
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Proof. Let X,,; = Xi*“, then X, ;...X,, », are independent. E(X,, ;) =0,

a\/n

n,

1 n
opi = E[Xrgm] o ZUEM‘ =1
i=1

Fix e > 0,
n
1 DCT
> BIX2 x, . sa) = —Bl(X1 - 1)1 x, —plseoyml — 0
=1

Now prove Lindeberg

Proof. Let f be a bounded smooth function with f/, f”, f”” bounded.

Choose (possible after enlarging )
Yn,i ~ N(Ov 02 )

n,i

s.t.
Yoi1..-Yon Xn1-Xnn

are independent Vn. Hence it suffices to show that
i=1 i=1

So the idea is to replace X, ; by Y, ;, one after the other. Let
Zni=Xp1+ ..+ Xnj1+Ynipn+ ...+ Yo,
applying Taylor
F(Zni+ Xni) = f(Zni+Yoi) = [ (Zni)(Xni— Vo)
50 Zn) (X2 = Y2 + RZis X
+R(Zn i, Yni)

implies

1
|IR(Z,X)| < ‘6X3f’”(Z+9X)‘gconst|X]2

1
< §X2(f”(Z +60X) — f”(Z))‘ < const | X
< const(eX? —|—X21‘X|>6)
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Since Z,,; is independent of X, ; and Y, ;, we get
\E[f(Zni + Xni)] — E[f(Zni + Yoi)ll < |Elf'(Zni)] - Elni—Ynil|
1
+3 \E[f"(Zn3)] - (E[X2] — EY,2])|

< ConSt(GUTQL,’i + E[Xg,i]'|Xn,i|>e] + EHYn,i|3])
Thus Ve > 0
E[f(z Xoi) — f(z Yol = [Elf(Znn+ Xnpn) = f(Zng + Yool
=1 =1

IN

ST Bl (Zni + Xni) = F(Zni + Yni)]
=1

D

< COIlSt(e + Z E[X?l,il\Xn,ibe] + Z EHYn,z
i i
< const(e + €+ €) for large n

Using assumption 3) in the theorem

ZEUYn,i‘?’} = Zgg,i\/; < (miaxam) (Z 0721,1')\/; — 0
i=1 i=1 i

—0 by rank 1

In the CLT, how fast does

Sn — np
P(——— <X
(e < x)

converge to ®(X)? The typical rate is y/n.
Theorem 192. (Barry-Esseen) Let X; be iid, u = E[X;], 0% = var(X;) €

(0, 00)
Spn=X14+ ...+ X,

If E[|X;]%] < oo, then

<X)-o(X) <M

Sp —np
sup |P(——— < —3
o3y/n

X€eR \/ﬁa
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Proof. Skipped. O

Example 193. (rounding error) Let Xi,..., X,,... iid uniformly dis-

tributed in [—%, %], (that of X, as rounding error) Then since u = 0,

_ 1
0" =12

Pla< S, <b) 173 \m gb\/>)

n lareg @(b\/:) - @(a\/;)

E.g. P(|Sw0| < 5) = ®(/3) — ®(—/3) ~ 0.917. In probability of
lerror| <5 is about 0.9, comparing to worst error is n/2 = 50.

Example 194. (Asymptotic of the median) Let F' be a cdf. The median
of F is m = F~1(3) right inverse. Let X1, X... be iid ~ F and median
= 0. Assume that F’(0) exists and F’(0) > 0.

Let Z,, be the empirical median
Zn = X

for k = |5 41|, where X ;) (w) is the k—th smallest value of X1 (w), ..., Xy (w),
then

1
VA -
\/ﬁ n — N(O7 4F’(0)2)
Proof We shall use Lindeberg’s theorem. Fix X € R. Let Y, ; =
{X >\F} Then
X n
VnZ, < X, <= X T<:>2Ym-gn—k
n
i=1

with P, =1 — F(%), we have
EY,i] = Py, var(Y,;) = P,(1 - P,)

Standardize to use Lindeberg

an' _ Yn,i - Pn
’ nP,(1 - P,)
Since
& n—k—nkP
nZ, <X < S, = Xpi<ap,=———H"_
vn ; ’ nP,(1— P,)
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As n — oo, and substituting Y =1//n

n—k-nP, _ n-3-nP, _  —3-nF()
nP(1— D) VAP (1= Pa) (1= FCO)IF()
B F(XY)-3 L' Hopital XF'(0) _ /
- Y/1- F(XY)/F(XY) - V1I—F(0)\/F(0) 2AE0)

Hence for § > 0, n large
P(S, <2F'(0)X —4) < P(Sp,<a,) =PH/nZ,<X)<P(S, <2F'(0)X +9)
apply Lindeberg to both sides,

D(2F(0)X — &) < ®(2F'(0) + 0)

Let 6 =0
P(vnZ, < X)— ®2F'(0)X)

8 Markov Chains

8.1 Notations

Let (22, F, P) be a probability space and let S be a countable set, the
state space, let (X,,)n>0 be S—valued rv’s.

Definition 195. (X,,) has the Markov property if
P(Xyi1 = zpt1|Xo = 2o, oo, Xnn = 7)) = P(Xpp1 = pt1| Xy = )
for all Xy, ..., X1 € S, n € Ns.t.
P(Xpt1 = xps1| X =) >0
Definition 196. (X,,) is a time-homogeneous Markov chain if in addi-

tion
P(Xn+1 = y‘Xn = l‘) = P(Xl = y|X(] = I‘)

Vn>0,X,Y €85, or set

K(X,A) = P(Xpy1 € A|X, = 2)
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The matrix
P = (Pxy)xyves

PXY = P(X1 = Y|X0 = JJ)

is the transition probability matrix of (X,,).

Recall P is a stochastic matrix, i.e. Pxy € [0,1] and
Z Pxy =1 vXeS
YeS

Example 197. The simple random walk on Z is a Markov chain on
S =7 here

Pnn+1 =D, Pnn—1 = 1- b
Pn.m = 0 if |n—m| #1

Definition 198. The distribution p of Xy is called initial distribution
of the chain.

Note that o and P characterize the distribution of the chain. Indeed

P(Xo=2z0,.... Xpn = 2p) = :u({XO})PXo,Xr"PXn—LXn
In the sequel, (X,,) is a time-homogeneous Markov chain on S, with
given p and P.

Theorem 199. (Markov property) Let X € S and N € N conditional
on { Xy =z}, the sequence X, XN41,... is a Markov chain with tran-
sition probability P and initial distribution 6. Moreover, conditionally
on {Xn==x}, Xy, XnN41,... 15 independent of Xo, ..., Xn_1.

Proof. Exercise. (This is a special case of a result proved later) O

Theorem 200. (Chapman-Kolomogorov) The n—step transition prob-
ability Py, = P(X, = y|Xo = x) satisfy the Chapman-Kolmogoro
equation

PU =N e, Y XY, Z € S, mon > 1
YeS

In matrix notation

s given by
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Moreover if v is identified with the row vector

p=(p({X}))xes

then
P(X, = Y) = (uP")y

Y —th entry of row vector uP™.

Proof. We have

P = ST P(Xn = 21Xo = 2, X = y)P(Xon = y|Xo = 2)
yes P(Xm+nZZ|Xm:y)
S
Yes

and

P(X,=y)= Y P(X,=ylXo=2)P(Xo=z)=(uP™)y
Xes

Example 201. Let S ={0,1} and 0 <a < <1

N =N N

P:<1;a 1fﬁ> l—a t [0] ) bis
V4 N <7 N N’
Hence
wo_ L [(Ba - L G
o gl (5 ) s (5 )]
n—oo 1 /8 «Q
- a+ﬁ<5 0‘)
hence
nILH;oP(Xn:O) = Ozf—ﬁ7 nlLH;oP(anl) - Oéiﬁ
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Notation 202.
Px(B) = P(B|Xo=a2WBeF
Ex(Z) = FE|Z] expectation under Py
= FE[Z|X = z] = value of E[Z|Xy] on [Xo = z]
Definition 203. Let A C S then
HA =inf{n e Ny: X,, € A}
(inf @ = +00) is the hitting time of A.

M(X) = P(H" < x|Xy=z)=Px(H" < )
K4X) = Ex(H?)

Theorem 204. a) h* = (h4(X))xes is the minimal non-negative so-
lution of

PAX) =Y yes PxyhA(Y) X ¢ A

the second case is called “mean value property”

{hA(X):l XeA

b) k4 = (kA(X))xes is the minimal non-negative solution of
EA(X) =0 XeA
FHX) =14 Yygq PxvkW(Y) X ¢ A

Proof. a) h* is a solution for X € A is clear. For X ¢ A

WA (X) = Px(H* <o) = Y Px(H" < 00| X; =Y)Px(X;1 =Y)
YeS

R (Y) Pxy

if g is any non negative solution, we can show that g > h?. Clearly

XecAgX)=1=hr*(X). For X ¢ A
9(X) = Z Pxyg(Y) = Z Pxyl+ Z Pxyg(Y)

Yes Yes Y¢A

= Z Pxy + Z PXY(Z Pyz + Z PYZg(Z))

YeA Y¢A ZeA Z¢A

= Px(Xl S A) +PX(X1 ¢ A, X2 S A) + Z E nypyzg(Z)
Y¢AZ¢gA

= Px(Xl S A) + ...+ Px(Xl ¢ A, X1 ¢ A X, € A) + Z Z PXYl...PYn_lyng(}
VidA  YndA

Px(HA <n)V¥n>1

Vv
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b) Exercise. ]

8.2 Strong Markov Property

We know that let (X,) be a Markov chain with p, P. Define F,, =
o(Xo, ..., Xn) n > 0, then (F),)p>0 is a filtration, i.e. Fy C F; C ...
Note since S is discrete, A € F,, <= A is a countable union of sets
{XO = X9, ,Xn = $n}

Definition 205. A r.v. 7:Q — {0,1,2,..., 400} is a stopping time if
{r =n} € F,, n > 0, which is of course equivalent to say {r > n} € F,,
n > 0.

Example 206. 1) 7 =t € NgU (+00). 2) HA : {HA =n} = {X, ¢
A Xn1 g A X, € A} € F,.

3) T=last visit to A: {t =n} ={X, € 4, X1 ¢ A, Xp12¢ A,...} in
general ¢ F,

Notation 207. X, is the r.v.

SN\
X (w) = (XT(w))(w) X; = Xo(r,id)

Theorem 208. (Strong Markov Property) Let T be a stopping time
conditionally on {1 < oo} N{X; = z}, (Xp)n>0, Xy == XL, 15 a
Markov chain with matrix P and initial distribution u = §x for any X
s.1.

P{r<oo}nNX,=2)#0

Moreover, (Xn)nzo and (Xran)n>0 are conditionally independent given
{r < oo} N{X; =z}.

Proof. 1) We first consider 7 = N € Ny (deterministic time), we show

P{Xn = on,Xny1=2N410 0 XNt = ZN4n ) NA|XN = 2)
= 1XzXNPXNXN+1"'PXN+n71XN+nP(A|XN = .1‘) VA €€8F12\>

It suffices to consider A = {Xy = zg, ..., Xy = xn}.
(8.1) is clear if X # Xy. Whereas if X = X, it becomes

P(Xo=20,.... XN = ZN, ., XN1n = ZN1n) = P(Xo = 20, ..., XN = ZN) Pxpy Xnin - PXnin1Xnin

w(Xo)Pxoxy--Pxy_1 Xy
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2) Now let 7 be a stopping time, let A € (XA, > 0) and fix m € Ny.
Then AN {r =m} € F,. We have

PH{X: = z1,..Xpn =z NAN{T =m}N{X; = z}]
= P[{X1 =21,... X = 22} N AN {7 = m} N {X,, = 2}]
=Px(X1=z1,..Xpn =a,)P[AN{r =m}N{X,, = x}] by 1)
= Px(X1=2z1,...Xp =) P[AN{T = m} N{X; = z}]

Adding over m > 0, since

U{r=m}={r <oc}

m>0

PU{X, = z1,., Xp =2, ) NAN{T =m}N{X, = z}]
= Px (X1 =21,...., Xp = xp) PIAN{T = m} N {X; = x}]
B

Divide by P(B) =
P{X, = x1,..,X, =x,} NA|B] = Px(X) = 21, ..., X,, = x,) P[(&B)
For A = Q, we get the first claim:

PU{Xi=x1,... Xp =2,}|B] = Px(X1 =21, ... X, = x,) (8.3
The second claim follows by combining (8.2) and (8.3)

P{X, =x1,.... Xp = 2,}NA|B] = P[{X) = 1, ..., X», = x, }| B]P[A| B]

O

8.3 Recurrence and Transience

Definition 209. Let i,j € S
1) i leads to j, denoted (i — j) if

Pi(HYY < o00) = Py(X,, = j for some n > 0) > 0

2) i commutes with j if i — j and j — 4, denoted (i <> j).

3) (Xy) is irreducible if i <» j for all 4,5 € S.
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4) The equivalent classes of <+ are called communicating classes.
5) A communicating class C' is closed if
1€Cii—j — jeC
i.e. chain cannot leave C.
6) ¢ € C is absorbing if {i} is a closed class.
Example 210.

[=]
TN
[=]
[=]
o
2]
[]

NS N/ N NV

a is absorbing. Classes are {a}, {b,c},{d,e}. {a} is closed, {b,c},{d, c}

are not.

Definition 211. Let i € S
7; = min{n > 1, X,, = i} = "first passage time”

More passage times:

TZ-(O) = 0
= g
(2
Ti(TH) = min{n > Ti(r) + 1, X,, = i} "first return after T,L-(T)”

Length of r-th excursion from i:

O

Lemma 212. Let r > 2. Conditional on {Ti(rfl) < o0}, Uzm is inde-

pendent of {kaTi(r—l) k> 0} and
P{Uzm = n]Ti(r_l) < oo} = Pi(agl) =n)n>0
T

Ti

P{o\" < ool < 00} = Py(7; < )
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Proof. Exercise by applying strong Markov property. O

Definition 213.

Vv, = Z Lix,=iy = # Visit to state i

n>0

Remark 214.

E(Vi) =Y P(Xp=i) =Y P

n>0 n>0

Definition 215. i is recurrent if P;(V; = co0) = 1, i.e. chain will return
infinitely after, a.s.

i is transient if P;(V; < oo) = 1, i.e. chain will return only finitely many
times, a.s.

Theorem 216. (Recurrence/transience Dichotomy) Let i € S either
1) Pi(1; < o0) =1, in which case i is recurrent and ), Piin) =00, or
2) Pi(t; < 00) <1, in which case i is transient and )_, P,L-(,L-n) < 0.
Lemma 217. Let f; = Pi(1; < 00), 7 <N, then P;(V; >r) = f.

Proof. We have {V; > r} = {Ti(r) < oo} P- a.s. = r=11is clear.

For r > 2

P(Vi>r+1) = Pi(Ti(T) < oo,o*l(TH) < 00)
= Pi(ai(wrl) < OO|7'Z-(T) < OO)PZ‘(Ti(T) < 00)
= P(r < OO)Pi(TZ-(T) < 00) by lemma 212
= fi- f{ by induction

1
= fIt

We now prove the theorem.

Proof. 1If f; = Pi(1; < 00) = 1, lemma 217 yields

Pi(Vi=00) = lim P(V; >r)= lim 1" =1

r—00 700
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hence
0 = E;[Vi] = Zpi(in)
n>0

If fl <1,

P(Vi<oo)=1—-PF(Vi=o00)=1-lim1"=1

7—00

and

S PV =EV) =Y R(Vizr=) fi= fi <o

n>0 >0 1— /i
O

Definition 218. 1) C C S is recurrent / transient if all i € C are
recurrent / transient.

2) (X,,) is recurrent / transient if all 7 € S are recurrent / transient.

Example 219. Let (X,,) be simple symmetric random walk on Z%, then
(Xp) is recurrent if d < 2 and transient if d > 3.

Proof. Sketch of proof.

dimension = 1:

(2n) 2n! 1 1 o
i = oyTom by stirling
and Pl.(fn) = 0 imply

Z Pi(in) < oo = (X,) is recurrent
n>0

dimension = 2: Trick: let X, Y be independent 1-dim random walks

_X+Y

=5

is 2-dim random walk, so
P (dim = 2) = (P (1-dim))? ~ (—=)? = —

thus
Z Pl-(fn) = 0o — recurent.
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dimension = 3:

pi(f") _ Z @t 1 @n)t 1 Z( n! )2L

kd>0jHk-H=n (lk!jN2 620 plp! 220 £ IR 320
Use
o
Z JURN
and
n' n' . n
stk = G =[5
to get
P(Qn) < 271)! 1 n! 1 < . . t -
o= Wﬁ(ml)Sgin = cons 3/2 = summable = transien

dimension > 4: if dim A > 4 were recurrent, then d = 3 would also be
recurrent. 7; = inf{n > 1, X,, = i}. O

Theorem 220. (Recurrent is contagious) Let 1,5 € S. Suppose that i
is recurrent and i — j, then

1)
Pj(X, =iio)=1

in particular
Pj(1i <oo)=1and j —i

2) j is also recurrent.
Proof. 1) Since i — j, Pijm) > 0 for some m > 1. As Pj(X, =iio0.)=1

pl.(]T”) - P

thus
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2) Suppose for contract that j is transient, then
Z P(C < 00
c>0
we have i <> j, hence
(m) (n)
P >0, P77 >0

Note P70 > PZ.(jW)P}j)P.(f) V1> 0, thus

(1 ) m+n+l
>0 i j jl >0
~———

<oo by assump.
thus contradict to ¢ is recurrent. O
Corollary 221. Let i € S be recurrent, then
Ci={jeSi—=jt={j€S, i+ j}=equivclass of j
and C; is recurrent.
Corollary 222. If (X,) is irreducible thus:

One state is recurrent <= (X,,) is recurrent.

9 Facts about Characteristic Functions

Let X = (X1, ..., X;,) be n—dim random vector, i.e.
Xp: (Q,F,P)—>R
isarwv. fork=1,...n
Let p be the distribution of X on R™ :
u(B):=P(X € B),B € BR")

Definition 223. The characteristic function of X (or of u) (or Fourier
transform) is

¢:R" —

P(u) = et u(dx) = Efe"]

n

cos({u, z))p(dz) + i / sin((u, 2))u(dz)

— 0
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Notation 224. ¢x, dp, 1
Note if p has a density f,

b(u) = / ¢/ £ (2)da

—_——
(e00.1)

basis of a space V = "% Vie; = (Vi,..., Vi), Vi = (V,e;) .
Because of short of time, we will only state the theorems.

Theorem 225. 1)

¢:R*"— C
15 continuous.
2)
lp(u)| =1Vu
3)
$(0) =1

Theorem 226. Suppose that E[|X|™] < oo for some m € N, then

am

_;m ) o Hu,X)
aXJIaX]m ¢(u) ? E[X]l”'X]me ]

In particular if X is one-dim (n =1)

am

e b(0) = " E[X™]

which is the formula for moments.
Remark 227. a € R™,
AER™™ = @opax(u) =Dy (ATw)
Theorem 228. ¢, characterizes p i.e.
b =0p = p=4Q
Theorem 229. X1, ..., X,, are independent iff
Ox(u) = dx, (w1)-..¢x,, (un)

Vu=(up,..,u,) € R?
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Theorem 230. Let py,, p are probabilities on R and let ¢y, ¢ be the
corresponding characteristic functions

1) if py, = p then
Pn(t) = G(tFt €R

2) if (1) 1= limy, 500 dn(t) exists Vt, and ¢ is continuous at t =0, then
¢ is the characteristic function of a distribution f and

pn = [L

Example 231. 1)
o2
p=N(b,0%) = o¢(u) = exp(ibu — uZ?)

b=0,02=1,so

d(u) = /2
2) p = uniform(—a,a) =
_sin(au)
o) = 48
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